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Monte Carlo Simulation of Rarefied Flow Along a Flat Plate

W. L. Hermina*
Sandia National Laboratories, Livermore, California

The direct simulation Monte Carlo technique is applied to a diverging flowfield along a flat plate. The model
accounts for a plate of finite thickness with a nonzero leading edge bevel angle, and permits the specification of surface
accommodation coefficients ranging from diffuse to specular reflection. The computed density, velocity, and temper-
ature profiles at several axial stations along the plate are compared with experimental data. These comparisons
indicate good agreement when the leading edge bevel is included in the calculation, and when the surface accommo-
dation coefficients are each assigned a value of 0.8. Results are also presented that indicate the sensitivity of the
computed skin friction to the ratio of the computational cell size to molecular mean free path. The results indicate
that the skin friction is insensitive to the cell size if the local Knudsen number based on the cell size is maintained
larger than unity everywhere in the flowfield. The results also indicate that the skin friction is underpredicted toward
the plate leading edge and overpredicted at downstream axial positions when the cell size exceeds the molecular mean
free path.
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Nomenclature
= skin friction
= plate thickness
= local Knudsen number based on transverse cell size,

= local Knudsen number based on plate length, A./L
= freestream Knudsen number based on the

transverse cell size, A^/Ay
= freestream Knudsen number based on the plate

length, KJL
= plate length
= Mach number
= temperature
= axial velocity component
= transverse velocity component
= axial position relative to line source
= transverse position above plate surface
= plate leading edge bevel angle
= ratio of specific heats
= mean free path
— gas density
= molecular collision cross section
= temperature exponent for elastic collision cross

section

Subscript
oo = freestream value at plate leading edge

Introduction

T HE direct simulation Monte Carlo technique1 is used to
model gas dynamics along a flat plate exposed to an ex-

panding freejet. This flowfield has been chosen because of the
availability of spatially resolved measurements2 of gas density,
velocity, and temperature for comparison with computations.
Previous comparisons3 have been limited to surface drag as a
result of limited availability of such flowfield data. In addition
to the above comparisons, the sensitivity of the computed re-
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suits to the ratio of the mean free path to cell size is also
discussed.

Many of the features incorporated in the present Monte
Carlo capability have been described previously elsewhere.3"5

The capabilities, however, have been extended to permit the
treatment of two-dimensional diverging incoming flows, as is
needed for this special flow situation. The divergence angle is
chosen to match measured flow conditions, as described below.
The ability to simulate a finite plate thickness with a nonzero
bevel angle is also included. In addition, the variable-hard-
sphere (VHS) collision model developed by Bird6 has been
included in the collision algorithm to permit a more rigorous
treatment of the collision dynamics. The necessary parameters
for the VHS model are based on experimental measurements7

of the gas viscosity as a function of temperature over the tem-
perature range of interest for the flowfield.

Computational Techniques
The flowfield emanating from a freejet is an axisymmetric

expansion. The positioning of a flat plate within the flowfield
results in a three-dimensional flowfield. For the present work
the plate is assumed to be positioned along the freejet center-
line and the gas expansion, both normal and transverse to the
plate surface, is simulated by a two-dimensional flow with an
effective expansion normal to the surface, as indicated in Fig.
1. Since the span wise expansion is neglected, there are no span-
wise gradients.

With this two-dimensional flowfield assumption, expanding
flow is assumed to emanate from a line source far upstream of
the plate. The flow expansion angle is constant, resulting in an
inverse linear dependence of the density on axial position, as
indicated by Eq. (1). An axisymmetric freejet expansion would
result in an inverse quadratic dependence of density on axial
position. However, this quadratic dependence can be approxi-
mated locally by a linear dependence that matches the mea-,
sured density gradient along the plate.

= p(x2)x2 (1)

The data presented in Ref. 2 indicate the axial Mach number
gradient. This can be related to an axial density gradient by
using the isentropic expression indicated by Eq. (2). The result-
ing density gradient can then be used in conjunction with Eq.
(1) to determine the axial distance between the line source and
plate leading edge required to match the measured axial Mach
number gradient.
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[(r-l)/2]M2(jc,)
(2)

The mean velocity components of the incoming molecules
are then given by Eqs. (3) and (4), where x represents the axial
distance between the line source and the upstream boundary of
the computational domain (see Table 2), and y represents the
transverse position above the plate surface. In addition, the
flow divergence angle is assumed to be small such that
cos(0) ~ 1. The velocity components of individual incoming
molecules are then determined by combining the mean velocity
components with the thermal components determined from a
Boltzmann distribution at the freestream temperature.

u = u00 (3)

(4)

To permit the accurate treatment of leading edge effects, the
model treats a plate of finite thickness with a specified bevel
angle, as indicated in Fig. 1. This effect is simply included by
simulating the leading edge bevel as an additional surface con-
nected to the leading edge of the plate and inclined by the bevel
angle. The leading edge bluntness is neglected.

The calculations were performed on a rectangular mesh
above the plate, and a modified rectangular mesh below the
plate, as indicated in Fig. 1. The computational cells below the
plate surface and just upstream of the bevel are truncated by
the leading edge bevel. The computational mesh above the
plate consists of 60 axial divisions and 40 transverse divisions
for a domain 60 mm in length and 20 mm in height. This results
in a cell size 1 mm in length and 0.5 mm in height. As will be
indicated in a later section, this transverse cell size is a fraction
of the local mean free path throughout the flowfield. In addi-
tion to this high resolution mesh, coarser meshes were used to
study the sensitivity of the computed flowfield to the cell size.
For these other cases, the transverse cell size was increased by
as much as a factor of 20, giving a transverse cell size approx-
imately eight times larger than the freestream mean free path.

To examine the sensitivity of these results to the downstream
boundary conditions two different boundary flux models were
tried: first, an outflow boundary, and second, a zero streamwise
gradient technique, described by Vogenitz et al.8

A general surface accommodation model is included that
permits the independent specification of the accommodation
coefficients for the translational energy, rotational energy, and
scattering angle. However, because the test gas used here (he-
lium) has no rotational energy, only the accommodation co-
efficients for the translational energy and scattering angle are
specified. Each accommodation coefficient represents the prob-
ability that the corresponding molecular degree of freedom will
equilibrate with the surface upon collision. Consequently, for a
scattering accommodation coefficient less than unity, some
molecules will be specularly reflected. Similarly, for an energy
accommodation coefficient less than unity, some molecules will
not exchange energy with the surface.

To permit the accurate simulation of the flow structure, the
variable hard sphere (VHS) collision model6 is used. This per-
mits treatment of the collision energy dependence of the elastic
collision cross section. The functional form of the VHS colli-
sion model, giving by Eq. (5), was fit to values of the hard
sphere collision cross section that are based on measured vis-
cosity data.7 The resulting values for the reference cross section
<rref, the reference temperature rref, and the collision co, are
indicated in Table 1. These values reproduce the measured
cross sections to three significant digits over a temperature
range from 15 to 290 K, which encompasses the temperatures
of interest for these calculations.

(5)

Table 1 Variable hard sphere
model parameters

273.0 K
0.149

Table 2 Plate description

Length
Thickness
Leading edge bevel angle
Line source to leading edge distance
Distance from line source to beginning

of domain (x)
Plate temperature

51 mm
6 mm
20deg
65.8 mm

60.8 mm
290 K

Fig. 1 Computational configuration for calculations.

Table 3 Freestream conditions at leading edge

Stagnation temperature
Temperature
Density
Pressure
Mean free path
Knudsen number
Velocity
Mach number
Axial density gradient

296 K
11.3K
1.51 x 10-5kg/m3

3.8 10-6atm
1.226mm
2.404 x 10~2

1720m/s
8.93
1.3%/mm

Results and Discussion
Results are presented for a free expansion flow of helium gas

along a flat plate. The parameters describing the plate are pre-
sented in Table 2. The freestream conditions at the leading edge
of the plate are presented in Table 3. The freestream Knudsen
number based on the plate length is 2.404 x 10~2; however, the
local Knudsen numbers can be significantly larger as a result of
the high temperatures within the thermal boundary layer.

Several computer runs have been made to study the depen-
dence of the flowfield on the surface accommodation co-
efficients, leading edge bevel, and downstream boundary
conditions. For the high resolution calculations presented here,
the transverse dimension of each computational cell varies
from one-half to one-tenth of the local mean free path as a
result of variations in the flowfield gas density, whereas the
axial dimension of each computational cell is always less than
the local mean free path. The dependence of the computational
accuracy on the Knc is discussed later.

Figure 2 presents an isodensity map for the flowfield above
the plate surface. On can observe that an oblique shock propa-
gates downstream from the plate leading edge. One can also
observe significant upstream backscattering of molecules near
the plate leading edge as a result of the flow rarefaction.

Figures 3 to 5 present several sets of comparisons between
experimental data2 and computational results for density, axial
velocity, average translational temperature, and the average of
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Fig. 2 Density map of flowfield above plate surface. Leading edge bevel
is not represented.

the axial and surface normal components of the translational
temperature. Each figure contains results for axial positions
ranging from the plate leading edge to a position 31.5mm
downstream of the leading edge. The symbols represent the
experimental data; the curves represent the computations.
Transverse positions are normalized by the plate length; den-
sity and velocity are normalized by their respective freestream
values at the leading edge; the temperatures are normalized by
the flow stagnation temperature.

Figure 3 presents results for a flat plate without a leading
edge bevel. Here, both the scattering angle and energy accom-
modation coefficients are set to unity. Figure 3a indicates
excellent agreement between the computed density and the ex-
perimental measurements for all axial positions. One can ob-
serve a reduction in the gas density near the plate surface as a
result of the viscous heating of the gas, which produces high
transverse velocities of the surface-scattered molecules and a
subsequent depletion of the gas from the surface region. The
results also indicate peaks in the density profiles for each axial
position. These peaks represent the formation of an oblique
shock. Previous results3 indicate that oblique shocks form at
values of the Kn^^L less than 0.1. This is in agreement with the
results presented here.

Figure 3b indicates that the velocity slip at the wall decreases
with increasing axial distances as a result of the increasing
number of molecular collisions with the wall. Comparisons of
the computed results with the data indicate that for the up-
stream axial positions, the computed velocities exceed the mea-
sured velocities, whereas for the downstream axial positions
the measured velocities exceed the computed velocities. These
results imply that the accommodation coefficients used in the
calculations are too small near the plate leading edge and too
large at the downstream positions.

Figure 3c presents the average translational temperature, but
Fig. 3d presents the average of only the axial and transverse
components to allow comparison with what was actually mea-
sured. One can observe reductions in the temperature jumps at
the wall with increasing axial positions, again, as a result of the
increasing number of molecular collisions with increasing axial
position. Comparison of the computed temperature results
with the data indicates that, for reasons similar to those pre-
sented above in reference to the axial velocity, the accommoda-
tion coefficients used in the calculations are too small near the
plate leading edge and too large at the downstream positions.
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Fig. 3 Symbols represent data from Ref. 2; curves represent computa-
tions. Results presented for axial positions ranging from 0.5mm to
31.5 mm from leading edge. Full surface accommodation and zero plate
thickness are assumed.



10 W. L. HERMINA J. THERMOPHYSICS

1.60-

1.25-

1.00-

0.75-

0.50-

0.26-

0.00
0.10

(y/L)
0.15

a) Density profiles normal to plate surface

0.2-

0.0

0.5 mm
2.5 mm

'"""" 6.5 mm
- - 12.5 mm

19.5 mm
31.5 mm

0.00 0.06 0.10 0.16 0.2
(y/L)

b) Axial velocity profiles normal to plate surface

i.o n —©— 0.5 mm
—-A—- 2.5 mm
—•• • • • • • • •+ • • • - • • • • 6.5 mm
—* - - 12.5 mm
— ••*-— 19.5 mm
—*— 31.5 mm

) 0.06 0.10 0.15 0.20
(y/L)

c) Mean temperature profiles normal to plate surface

t 0.4-

— 0.5 mm
..... 2.5 mm

6.5 mm
-- 12.5mm

19.5 mm

31.5 mm

0.05 0.10
(y/L)

0.20

d) Two-component mean temperature profiles normal to plate surface

Fig. 4 Symbols represent data from Ref. 2; curves represent compu-
tations. Results presented for axial positions ragining from 0.5 mm to
31.5 mm from leading edge. Full surface accommodation, but a finite
plate thickness of 6 mm and a leading edge bevel angle of 20 deg is used.

The need for larger accommodation coefficients for both the
velocity and temperature profiles toward the leading edge, even
though the surface scattering is fully accommodated and
diffuse, implies that leading edge effects cannot be neglected.
By accounting for the finite thickness of the plate and the
leading edge bevel in the computations, the flux of molecules
backscattered from the leading edge increases, and conse-
quently, the apparent surface accommodation coefficients also
increase.

Figure 4 presents a set of results similar to those in Fig. 3,
except that a finite plate thickness of 6 mm with a 20 deg bevel
angle are included to simulate the actual experimental configu-
ration. Comparison of Fig. 4a with Fig. 3a indicates that inclu-
sion of the leading edge effects has resulted in an
overprediction of the leading edge density. However, the down-
stream density profiles are relatively unaffected. Comparison of
the velocity and temperature profiles in Figs. 4b-4d with those
of the previous set indicate that the inclusion of the leading
edge effects now results in an overprediction of both the veloc-
ity and temperature accommodation coefficients for all axial
positions.

Optimal agreement between measurement and computation
is obtained when the leading edge effects are included and all
the surface accommodation coefficients are reduced to 0.8. Fig-
ure 5a indicates good agreement between the computed and
measured density profiles. There is approximately a 10% over-
prediction of the leading edge density. However, the down-
stream densities are in excellent agreement. Figures 5b-5d
indicate that the computed velocity and temperature profiles
are in good agreement with the measured values for all axial
positions. Again, the largest discrepancies are towards the lead-
ing edge.

Additional computations were performed to study the de-
pendence of the flowfield properties on various combinations
of the accommodation coefficients. The results in Fig. 6 indi-
cate that the flowfield is most sensitive to the scattering angle
accommodation coefficient (AD), and least sensitive to the en-
ergy accommodation coefficient (AE). This can be attributed
to the small difference between the flow stagnation temperature
and surface temperature for the calculations presented here.
Because the surface temperature is approximately equal to the
flow stagnation temperature, the energy of a specularly
reflected molecule is comparable to that of a molecule that
thermally accommodates with the surface. Comparisons be-
tween the computations and the measurements in Fig. 6 indi-
cate that, at both the leading edge and downstream positions,
an accommodation coefficient between 0.5 and 1.0 would pro-
duce the best agreement. Results presented in the previous
figure indicate that an accommodation coefficient of 0.8 pro-
vides optimal agreement between calculations and measure-
ments. Comparisons between the measurements and
continuum calculations are presented in Ref. 2 and suggest that
the leading edge accommodation coefficients should be dra-
matically less than the values suggested here. However, as
pointed out in Ref. 2, the continuum theory is not expected to
produce accurate results in rarefied flows, such as exist here,
particularly towards the plate leading edge.

Comparisons of the results for the free-flow downstream
boundary condition with those for the zero axial gradient
boundary condition8 indicate no dependence of the flowfield
on the downstream boundary condition. This can be attributed
to the high axial Mach numbers at the exit boundary. The
lowest exit plane Mach number is approximately 2.0 at a posi-
tion adjacent to the plane of the plate surface. These results,
therefore, indicate that for exit plane Mach numbers greater
than or equal to 2.0, one need not be concerned with thermal
influx of molecules through the downstream boundary.

Figure 7 compares the computed skin friction for values of
the Kn^c ranging from 2.452 to 0.1226. Here, the value of the
Kn^c is varied by varying the transverse cell size. The skin
friction is computed by summing the axial momentum flux
imparted to a wall segment as a result of molecular collisions
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Fig. 5 Symbols represent data from Ref. 2; curves represent computa-
tions. Results presented for axial positions ranging from 0.5mm to
31.5mm from leading edge. Surface accommodation coefficients for
translational energy and scattering angle are set to 0.8. Plate thickness
is 6 mm and the leading edge bevel angle is 20 deg.
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Fig. 6 Computations performed for several energy (AE) and scatter-
ing (AD) accomodation coefficients.
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Fig. 7 Computed skin friction vs axial position along the plate. Results
are presented for five mesh resolutions corresponding to freestream
Knudsen numbers based on cell size ranging from 2.452 to 0.1226.

with the segment. Consequently, the computed skin friction for
each segment represents an average value for that segment. The
surface is divided into six segments. The first five segments are
equal in length and cover the leading half of the plate. The sixth
segment is the trailing half of the plate. The skin friction value
for each segment is plotted vs the axial position of the center of
the corresponding segment.

The results in Fig. 7 indicate that the skin friction is insensi-
tive to the Kn^^ for values of the Knudsen number greater
than 0.613. This implies that a transverse cell size comparable
in magnitude to the local mean free path is adequate for accu-
rate predictions of skin friction. Detailed comparisons of the
flowfield densities, velocities, and temperatures indicate that
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these results are also insensitive to the Kn^ for values of the
Knudsen number greater than 0.613. However, for values of
the Kn^^ less than 0.613, the skin friction is underpredicted at
the upstream axial positions. Examination of the detailed
flowfield properties indicates that this results from an under-
prediction of the transverse flux of axial momentum towards
the surface. At axial positions further downstream, corre-
sponding to more continuum flow, preliminary results indicate
that a coarse mesh overpredicts the skin friction. This can be
attributed to an overprediction of the gas viscosity. When the
cell size in the direction of the macroscopic gradients exceeds
the molecular mean free path, then the cell size replaces the
mean free path as the effective length scale over which the
molecular properties, such as momentum, are exchanged. Con-
sequently, in the continuum limit, where even the coarse mesh
flowfield has had sufficient surface collisions to accommodate
with the surface, the coarse mesh may overpredict the gas vis-
cosity and corresponding skin friction.

Conclusions
Results have been obtained using the direct simulation

Monte Carlo technique for the diverging flow of helium gas
along a flat plate. The results compare favorably with available
data,2 when one accounts for the finite plate thickness and
leading edge bevel angle, in addition to accounting for partial
accommodation at the plate surface. An overall accommoda-
tion coefficient of 0.8 gives the best agreement with the experi-
mental data.2 The results are found to be insensitive to the
accommodation coefficient for the translational energy because
the flow stagnation and surface temperatures are comparable
in magnitude.

Examination of two downstream boundary conditions, an
unconstrained outflow condition and a zero axial gradient con-
dition, indicate no dependence of the flowfield within the do-
main on the downstream boundary condition for exit plane
Mach numbers greater than or equal to 2.0.

Skin friction results are presented for a variety of transverse
mesh resolutions corresponding to values of the Kn^c, ranging

from 2.452 to 0.1226. These results, in conjunction with flow-
field results, indicate that for values of the Kn^c that are
greater than unity, corresponding to values of the Knc that are
also greater than unity, the computed skin friction and corre-
sponding flowfield properties are insensitive to the mesh resolu-
tion. However, for values of the Kn^c less than unity, the skin
friction is underpredicted at upstream positions and overpre-
dicted at downstream positions.
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